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Notes on the misnomers
Associated with Electoral Quotas

Vladimir Dangigin * (vladimir.dancisin@unipo.sk)

Abstract

In the article we will be analyzing three misnomers associated with four electoral quotas: Q = V/S,Q =
V/(S+1),Q0 =V/(54+2)and Q = V/(S+ 3) (V represents a total number of valid votes, S represents
a total number of seats). The above mentioned quotas are traditionally associated with the names of Thomas Hare,
Eduard Hagenbach-Bischoff and Pierre Imperiali. The aim of the article is to show that neither of the mentioned
electoral quotas was invented by T. Hare, E. Hagenbach-Bischoff or P. Imperiali. In the article it will be shown
that T. Hare actually promoted the use of the electoral quota formula Q = [V /S] and E.Hagenbach-Bischoff
promoted the use of the formula Q = [V /(S 4 1)] + 1 (the brackets [| denote the floor function, which rounds
a real number down to the next integer). It will also be shown that P. Imperiali did not promote electoral quotas
Q=V/(S+2)orQ=V/(S+3) or any other electoral quotas.
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Introduction

The electoral quota can be seen as a price of one seat. The basic quota is called the standard (simple,
natural) quota, also is referred to as an exact quota, which is calculated in a simple, intuitive way: the
number of valid votes divided by the number of seats. The result of that calculation is not rounded up
or down to the nearest integer, what ensures that it is not possible, under any circumstances, to allocate
more seats than available. E. Hagenbach-Bischoff mathematically justified impossibility to allocate more
seats when using standard quota as follows: if we multiply the number of votes obtained by each party
by the total number of seats and the result is divided by the total number of valid votes, we get the
number of seats allocated to each party and each party remainders (v;S/V = s; + «;). The sum of all
seats given to parties () s;) and the sum of all remainders () &;) give us the total number of seats, i.e.
S = Y s; + Y a;. Even in cases where no party has reported remainders (}_«; = 0), the method does
not allocate more seats than available (Hagenbach-Bischoff 1905: 25). Using mathematical reasoning
of E.Hagenbach-Bischoff, it may be pointed out that the simple quota that produces no more seats
than available canbe Q = V/ (S + i), where 7 is in the range 0 < i < 1. In that case, we should
not be afraid, that the quota would allocate more seats than available. For example, if i = 0.99 then
v;(S +0.99)/V = si+ a;, which implies S +0.99 = }_s; + ¥ a;. Even in the extreme case where
the total of all remainders is zero (}_a; = 0), it is not possible to allocate more seats than available. In
the case i = 1 or more it is theoretically possible to allocate more mandates. For example in case of
the quota that increases the number of seats by two, we get the situation v;(S +2)/V = s; + a;, then
S+2=Y5s;+Y a;.Incase ) a; = 0 we could allocate two more seats than available (}_s; = S + 2).

In the article we will be analyzing three misnomers associated with four electoral quotas: Q = V /S,
Q=V/(54+1),Q=V/(5+2)and Q = V/(S + 3). The above mentioned quotas are traditionally
associated with the names of Thomas Hare, Eduard Hagenbach-Bischoff and Pierre Imperiali. The
aim of the article is to show that neither of the mentioned electoral quotas was invented by T. Hare,
E. Hagenbach-Bischoff or P.Imperiali.

Misnomer 1

Thomas Hare quotais Q = V/S.

The standard (simple) quota is quite often referred to as the Hare quota. T. Hare in his work
The Machinery of Representation (1857: 17), or at his work A Treatise on the Election of Representatives,
Parliamentary and Municipal (1859: 30, 1861: 29) states that the quota should be calculated by using the
formula Q = [V /S].1 T. Hare (1859) illustrates the calculation of electoral quotas in the example, where
the number of voters that cast their vote in the election is 1,226,274 and the number of seats is 654.
When we divide the number of voters by the number of seats we get the decimal number —1875.037.
By Hare’s definition, the quota should be 1,875, but T. Hare stated the quota was 1,876 (Hare 1859: 31). In
the same way T. Hare was calculating the quota at page 76, where he stated the quota was 2,181, when
the number of voters was 1,426,274 and the number of seats was 654 (1,426,274 /654 = 2,180.847). The
attentive reader can be rightly confused. The definition refers to the formula Q = [V /S] and examples
indicate that the electoral quota is calculated based on the formula Q = [V /S] 4 1, i. e. candidate must
receive at least one vote more than is the number calculated according to the formula Q = [V /§].
Discrepancies between the definition and illustrating examples are due to misprints. Instead of the total
votes of 1,227,274 the number 1,226,274 was used. In the second (Hare 1861: 30) and the third edition
of his work (Hare 1865: 26) he indicated that the total number of voters in the election of 1857 was
1,227,274. When we compute the quota with the right number of voters, the resulting quota is 1,876
(Q = [1,227,74/654] = [1,876.566] = 1,876), which corresponds to the Hare’s definition of the
calculation (Hare 1859: 30 or Hare 1865: 25-26).

IT. Hare stated “The Speaker of the House of Commons shall ... also therein state the number of the quotient of such total
number of electors, divided by 654, rejecting in such division the fractional numbers of the dividend ... the number of the said
quotient shall be the quota, or number, of votes for members to returned to serve in Parliament” (Hare 1859: 30). T. Hare in
the second edition of his work A Treatise on the Election of Representatives, Parliamentary and Municipal (Hare 1861: 29) pointed
out that the quota was calculated based on the total votes, not the total number of eligible voters.
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The difference between the standard (simple) and the Hare quota is in real-life very small, but in
theory it is not so negligible, because it can be easily shown that using the Hare quota (Q = [V /S])
it is possible to allocate more seats than available. For example in the case when parties receive 299
votes and there are 150 seats to be allocated. The quota is Q = [299/150] = 1. For every vote we will
allocate a seat. That is why we allocate 149 more seats than available. In the case of fewer than 150 voters,
electoral quota would be zero, which would make it impossible to allocate seats. Those cases indicate
imperfection of the formula Q = [V /S] for calculating the electoral quota.

Thomas Hare quota was created for the Single Transferable Vote system. In fact, T. Hare was not
even promoting the party-list proportional representation electoral system and also there is not a single
mention of largest remainders method in his work (cf. Hare 1857, Hare 1859, Hare 1861, Hare 1865
or Hare 1873). The question is whether the standard (simple) quota (Q = V' /S) should bear Thomas
Hare’s name? We think not, basically for two reasons: T. Hare pioneered the quota Q = [V /S] and not
Q = V/S, and secondly, the Hare quota (Q = [V /S]) was promoted and put into practice before it
was suggested by T. Hare at least by two other authors (S. Vinton and C. Andree). T. Hare introduced the
quota in 1857, but C. Andree created identical quota (and even managed to push it into practice) in 1855
(see Andrae 1926). American Samuel Vinton also proposed the apportionment method that used the
formula Q = [V/S] in 1850 (see An Act for the apportionment of Representatives among the several
states according to the sixth census 5 Stat. 491). To conclude, we do believe that intuitively calculated
simple quota (Q = V/S) should not bear anyone name, since its creation does not require outstanding
mathematical skills.

Misnomer 2

Hagenbach-Bischoff quotais Q = V /(S 4+ 1).

In scientific literature (e. g. Cox 1997: 57, Lebeda 2008: 80, Chytilek et al. 2009: 36 and 192, Krejci 2006:
68), the Hagenbach-Bischoff quota is commonly associated with the formula Q = V /(S + 1). Using
electoral quota Q = V' /(S + 1) may lead to the allocation of more seats than there are vacancies to fill.
For example this occurs when nine seats are distributed among three parties with 70, 20 and 10 votes. If
we use the formula Q = V/(S+1), the electoral quota is 10 (Q = 100/ (9 4 1) = 10). The parties get 7, 2,
and 1 seat, respectively, which means that 10 seats are distributed in total. E. Hagenbach-Bischoff (1888
1905) was aware of the possibility and —as was stated above —formulated the calculation of this quota
in such a way it is always the smallest integer greater than V /(S + 1).

Finding the lowest quota, which guarantees allocating no more seats than available and is expressed
as an integer, is a trivial task for an average mathematician. The quota is next higher integer than the
result of formula V /(S + 1). That is, the quotais Q = [V/(S+1)] +1orQ = [V/(S+ 1) + 1]. The
quota in question appeared and was promoted by a number of theorists, namely H.R. Droop (1881),
E. Hagenbach-Bischoff (1888 1905) or C. Dodgson (a.k.a. Lewis Carroll) (1884). E. Hagenbach-Bischoff
introduced the quota on the reasoning, that in single-member constituency the quota (guaranteeing
victory in elections under all circumstances) is one vote more than half of voters, i.e. [V / 2] +1,in
two-member constituency the quota is [V /3] 4 1 etc. (Hagenbach-Bischoff 1888: 9). From this it is
possible to create a rule that the quota is created by dividing the number of valid votes by a number
that is one greater than the number of seats that must be allocated (remainders are ignored) and
number one is added. Based on the above it is clear that the lowest election quota, that will not allocate
more seats than available, is a fraction larger than the result of the formula, i.e. Q > V/(S+1).
Increasing the formula to an integer we obtain the quota formula Q = [V/(S+1)]+1or Q =
[V /(S +1) 4 1]. E. Hagenbach-Bischoff (1905) promoted his quota as a mathematically lowest electoral
quota determined by a formula and expressed as a whole number, which always guarantees that the
number of seats allocated under no circumstances shall be more than the total number of seats.

E. Hagenbach-Bischoff presented calculation of the electoral quota in the study Die Verteilungsrech-
nung biem Basler Gesetz nach dem Grundsatz der Verhiltniswahl (1905): “the total number of valid vo-
tes has to be divided by the number of all the members of the Grand Council who are to be elec-
ted plus one” (Hagenbach-Bischoff 1905: 7) and “the nearest integer that directly follows the quota
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arrived at in this way is the electoral number” (Hagenbach-Bischoff 1905: 7). Identical definition was
also stated in his study Die Frage der Einfiihrung einer Proportionalvertretung statt des absoluten Mehres
(1888, p.9). E. Hagenbach-Bischoff also considered the possibility of the result calculated according to
the formula Q = V /(S + 1) being an integer. In the circumstances, the quota have to be increased
by one vote (Hagenbach-Bischoff 1905, p.7). Hagenbach-Bischoff quota can be presented in formulas
Q=1[V/(S+1)+1]orQ = [V/(S+1)] + 1. The formulas given above can be also associated with
the Droop quota, which means that E. Hagenbach-Bischoff used the same formula for calculating the
electoral quota as H. R. Droop.

The only difference between the Hagenbach-Bischoff quota and the Droop quota is that they are
used in two different electoral systems, although both of them are developed in the same way. In
an electoral system based on the party-list proportional representation (E.Hagenbach-Bischoff), the
electoral quota is used for allocating seats to the political parties (the votes of the each party are divided
by the electoral quota, and the party wins one seat for each whole number produced). In the Single
Transferable Vote system, the Droop quota is the minimum number of votes that are necessary for
obtaining a seat. In the Single Transferable Vote system candidates do not benefit from the fact that
they manage to exceed the Droop quota several times over.

To conclude, Hagenbach-Bischoff quota is the same as Droop quota. Thus the correct formula that
should be associated with name of E. Hagenbach-Bischoff is Q = [V /(S 4 1)] + 1 or its mathematical
equivalent.?

Misnomer 3

Imperiali quota formula is Q = V' /(S + 2) and reinforced Imperiali quotais Q = V /(S + 3).

As mentioned earlier, the Droop/Hagenbach-Bischoff quota is the lowest electoral quota which
ensures that no more seats are allocated than available. In the past, in theory and in practice, however,
the proposals appeared to calculate even lower quotas with the aim to allocate as many seats as possible.3
Among the most famous of such quotas are quotas calculated using formulae Q = V /(S + 2) and
Q = V/(S + 3), which are usually called Imperiali quota and reinforced Imperiali quota. The above
mentioned quotas are associated with Italian electoral rules (as will be shown, in fact, Italians were
using the modified versions of that quotas: Q = [V/(S+3)]+1and Q = [V/(S +2)]), but in
fact, they were not invented or promoted by Belgian politician Pierre Guillaume Charles des Princes de
Francavilla Imperiali.

In Italy the quota Q = [V /(S + 3)] + 1 was introduced in Art. 54, Paragraph 2, of Law no. 26/1948
on elections to the Chamber of Deputies, Italy’s lower house of parliament (Decreto del presidente della
Repubblica—Sth of February 1948), Testo unico delle leggi per la elezione della Camera dei Deputati, G. U.
(No. 30)—61th of February 1948). On the basis of this Act the electoral quota (electoral number) was
calculated so that the total number of votes divided by the number of seats plus the number of three.
The law did not mention rounding of the numbers, but the text of the statute was clear that if the electoral
quota was not an integer (in real-life cases almost always), a party needed one vote more than was the
electoral number rounded down to the nearest integer. De facto the formula for computing electoral
quota was Q = [V /(S + 3)] + 1. In the event that the method would have allocated more seats than
available, a higher quota would be used.

In 1956, the electoral law was modified and Art. 35, Paragraph 2, of Law no.493/1956 (Norme per
la elezione della Camera dei Deputati) changed the calculation of the electoral numbers as follows: the
number of valid votes divided by the number of seats plus two. The result of calculation V /(S + 2)
was rounded down, i.e. they took into account only the integer part of the resulting number, which
means the calculation of the electoral quota is by the formula Q = [V /(S + 2)]. That change has been

2The academic discussion of the Hagenbach-Bischoff quota outlined earlier can be reduced to (mathematically irrelevant)
dispute, which of the following electoral number calculation formulas is to be used for its calculation: Q = [V /(S +1) + 1],
Q=1[V/(S+1)]+1,0rQ=V/(S+1) +1i, whereiis the number necessary to reach the smallest integer greater than V/(S+1).

3There were also other suggestions. V.Joachim (1917) suggested the quota Q = V /(S + p/2), where p is number of
parties), or B. Bobek (1917) suggested the quota Q = V /(S + p/(p + 1) + 1), where p is number of parties. The mentioned
quotas are not applicable in practice, because they may cause the allocation of more seats than available.
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incorporated into Article 77, Paragraph 2, of Law no. 139/1957 G. U. about the elections to the Chamber
of Deputies. If there were more seats allocated than available, the electoral quota would be increased.
Thus Italians would use the quota which would allocate the full number of available seats. The results
in this case would be identical to the Jefferson/D’Hondt/Hagenbach-Bischoff method.

The available literature does not provide the reason why the formulae Q = V/ (S + 3) and
Q = V/ (S+ 2) are associated with Pierre Imperiali. It is known only that the term >Z’—e">@E& Z
§ 7~ was introduced by A. Lijphart (1994: 156) to denote the formula Q = V/ (S + 3). The basic goal
for the Lijphart’s invention of the term was to terminologically distinguish the formula from the formula
Q = V/ (S+ 2). We assume that the term Imperiali quota originated from Imperiali method of greatest
averages which is usually associated with divisors 2, 3, 4, 5, dots Imperiali method uses the formula
ai = Vil (Xj + 2) for calculating averages of the parties. In the formula ai is the average of party i, Vj is
the number of votes of the party i, and the X; is the number of seats that have already been allocated to
the party i. The formula applied to all parties and their votes thus should be Q = V/ (S + 2). Probably
for this reason, following the adoption of the law in Italy in 1956, the formula started to be referred
to as the Imperiali quota despite the fact that P.Imperiali never mentioned formula and also did not
promote it (cf. record of the parliamentary debates in Chambre des Représentants 1921). The irony of
that assumption is that P. Imperiali in fact proposed divisors 1, 1%, 2, 2%, 3, 3%, ... Divisors 2, 3, 4, 5
were suggested by Jules de Geradén, so when it became necessary to name the quota after someone,
it would be more appropriate to use the name of Jules de Geraddn instead. We believe that the quotas
used in Italy should not be bearing the name of Pierre Imperiali. The quotas should be rather called the
Italian quotas (e. g. the Italian quota of 1948 and the Italian quota of 1956).

T—Eeze'T—o0e

The above mentioned misnomers show that the basic terms associated with electoral quotas are not used
correctly. T. Hare introduced the quota that was calculated by using the formula Q = [V/ S], which,
of course, is not the same as the calculation by the formula Q = V/ S, which is generally attributed to
him. As it was pointed out, in practice it is not a huge difference, but in theory, there is a flaw in the Hare
formula, because we can theoretically allocate more seats than available. Almost the same can be stated
about the Hagenbach-Bischoff quota which is usually associated with the formulas Q = V/ (S + 1)
or Q =[V/ (S+ 1) + 0.5.4 Using any of these formulae we can theoretically allocate more seats than
available. Hagenbach-Bischoff quota is the same as Droop quota, so the correct formula that should be
associated with name of E. Hagenbach-Bischoffis Q = [ V/ (S+ 1)] + 1or its mathematical equivalent.
In the article we have also shown that P. Imperiali was not an inventor of electoral quotas used in Italy
in the past. On the basis of the above arguments, we can conclude that the standard quotais Q = V/ S,
the Hare quota is Q = [ V/ S], the Hagenbach-Bischoff quotais Q = [ V/ (S + 1)] + 1, the Italian quota
of 1948is Q = [V/ (S + 3)] + 1and the Italian quota of 1956 is Q = [ V/ (S + 2)].
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